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Abstract 



We prove the global well-posedness and scattering for the defocusing H ^-subcritical 
(that is, 2 < 7 < 3) Hartree equation with low regularity data in M. d , d > 3. Precisely, 
we show that a unique and global solution exists for initial data in the Sobolev space 
_ff s (R d ) with s > 4(7 — 2)/(37 — 4), which also scatters in both time directions. This 
improves the result in [5], where the global well-posedness was established for any 
s > max (1/2,4(7 — 2)/(37 — 4)). The new ingredients in our proof are that we make 
use of an interaction Morawetz estimate for the smoothed out solution Iu, instead of 
an interaction Morawetz estimate for the solution u, and that we make careful analysis 
of the monotonicity property of the multiplier m(£) • As a byproduct of our proof, 
we obtain that the H s norm of the solution obeys the uniform-in-time bounds. 
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1 Introduction 



In this paper, we study the global well-posedness of the following initial value problem 
(IVP) for the defocusing H 2-subcritical (that is, 2 < 7 < 3) Hartree equation. 

iut + An = (|a;|~ 7 * |ii| 2 )u, d > 3, 

u(0) = uo(x) G H s (R d ), ^ 

where H s denotes the usual inhomogeneous Sobolev space of order s. 

We adopt the following standard notion of local well-posedness, that is, we say that 
the IVP (jl.ip is locally well-posed in H s if for any uq € H s , there exists a positive time 
T = T( po ) depending only on the norm of the initial data, such that a solution to the 
IVP exists on the time interval [0, T], is unique in a certain Banach space of functional 
X C C([0, T], H s ^j , and the solution map from H s x to C([0, T\,H a \ depends continuously. 
If T can be taken arbitrarily large, we say that the IVP (jl.ip is globally well-posed. 



Local well-posedness for the IVP (jl.ip in H s for any s > Z — 1 was established in |18j . 
A local solution also exists for initial data, but the time of existence depends not 

only on the #2 norm of ug, but also on the profile of uq. For more details on local 
well-posedness see [15] . 



1? solutions of (jl.ip enjoy mass conservation 

IKv)|| i2 ( Rd ) = IM-)|| i2 ( Rd )- 

Moreover, ff 1 solutions enjoy energy conservation 

= ^II^Wll^M + 7 // 1 — |n(t,x)| 2 |n(t,y)| 2 cfedy = £(«)(0), 

which together with mass conservation and the local theory immediately yields global well- 
posedness for (jl.ip with initial data in H . A large amount of works have been devoted to 
global well-posedness and scattering for the Hartree equation, see [Tj-pT], [13], [15], [T7]-[23]. 



Figure 1: The curve "ABC" is descripted by "s = ^z|l" 

Existence of global solutions in M 3 to (jl.lj) corresponding to initial data below the 
energy threshold was recently obtained in [5] by using the method of "almost conservation 
laws" or "I-method" (for a detailed description of this method, see [25] or section 3 below) 
and the interaction Morawetz estimate for the solution u, where global well-posedness was 
obtained in H S (R 3 ) with s > max (1/2,4(7 - 2 )/(37 - 4)). Since authors in [5J used the 
interaction Morawetz estimate, which involves H 1 / 2 norm of the solution, the restriction 
condition s > ^ is prerequisite. In order to resolve IVP (jl.ip in H s , s < ^ by still using the 
interaction Morawetz estimate, we need return to the interaction Morawetz estimate for the 
smoothed out version Iu of the solution, which is initially used in [!2], whereafter in |6j. 

In this paper, we consider the case d > 3 and we prove the following result: 

Theorem 1.1. Let 2 < 7 < 3 < d, the initial value problem U.l\) is globally well-posedness 
in H s (W i ) for any s > 4 ^_^ ■ Moreover the solution satisfies 

sup 

te[o,oo) 



SU P. H n WlU( Rd ) < C (lh|| Ha ): 
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and there is scattering for these solutions, that is, the wave operators exist and there is 
asymptotic completeness on all of H s (W d ). 



Remark 1.1. As for the case 3 < 7 < 4 < d, local well-posedness for the IVP M-l\) in H s 



which satisfies the need of the regularity of the interaction Morawetz estimate. Hence we 
only combine "I-method" with the interaction Morawetz estimate for the solution to obtain 
the low regularity of the IVP just as in . 

For the case d = 3, Theorem 11.11 improves the result s > max (1/2,4(7 - 2)/(37 - 4)) 
in [5] (see Figure [l|, where the authors used "I-method" and the interaction Morawetz 
estimate for the solution just as in [3J. In general, in order to prove the almost conservation 
law, one doesn't need to use the monotonicity property of the multiplier m(£) • In the 
present paper, we prove Theorem 1 1.1 1 by combining I-method with an interaction Morawetz 
estimate for the smoothed out version Iu of the solution. Such a Morawetz estimate for an 
almost solution is the main novelty of this paper, which can lower the need on the regularity 
of the initial data. 

Last, we organize this paper as following: In Section 2, we introduce some notation 
and state some important propositions that we will used throughout this paper. In Section 
3, we review the I-method, prove the local well-posedness theory for Iu and obtain an 
upper bound on the increment of the modified energy. In Section 4, we prove the "almost 
interaction Morawetz estimate" for the smoothed out version Iu of the solution. Finally in 
Section 5, we give the details of the proof of the global well-posedness stated in Theorem 



2 Notation and preliminaries 

2.1 Notation 

In what follows, we use A < B to denote an estimate of the form A < CB for some constant 
C . If A < B and B < A, we say that A « B. We write A <C B to denote an estimate of the 
form A < cB for some small constant c > 0. In addition (a) := 1 + \a\ and art := a ± e with 
< e <C 1. The reader also has to be alert that we sometimes do not explicitly write down 
constants that depend on the I? norm of the solution. This is justified by the conservation 
of the L 2 norm. 

2.2 Definition of spaces 

We use L^.(M. d ) to denote the Lebesgue space of functions / : — > C whose norm 



holds for any s > ^ — 1. Note that in this case, we have 



7 1 
- — 1 > - 
2 - 2 
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is finite, with the usual modification in the case r = oo. We also use the space-time Lebesgue 
spaces LfL r x which are equipped with the norm 



J\\u(t,x)\\ q L1 .dt)< 



for any space-time slab JxR, with the usual modification when either q or r are infinity. 
When q = r, we abbreviate L^L r x by L\ x . 

As usual, we define the Fourier transform of f(x) £ L x by 

/(0 = (27r)-2 / e-^f(x)dx. 
JR d 

We define the fractional differentiation operator |V X | Q for any real a by 
and analogously 

The inhomogeneous Sobolev space H s (R d ) is given via 

HI*. : =IK v HIl»(r<)' 

while the homogeneous Sobolev space H s (R d ) is given via 



u 



Let S(t) denote the solution operator to the linear Schrodinger equation 

iut + An = 0, x € R d . 

We denote by X s,b (M x the completion of <S(R x R d ) with respect to the following norm 

IMU = P(-t)4 H ^ = \\(r + !ei 2 ) 6 (O s s(r,e)|| L?L , (RxRd) , 

where u is the space-time Fourier transform 

u(r,0 = (2vr)"^ / / e - i( ^ + * r) u(t, a;)dtdx. 
Furthermore for a given time interval J, we define 

Ihllx^(j) = inf {iMIx^ v = u on J }- 
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2.3 Some known estimates 



Now we recall a few known estimates that we shall need. First we state the following 
Strichartz estimate [T], [J3]. Let d > 3, we recall that a pair of exponents {q, r) is called 
admissible if 

2 ,A !n 

-=d{- ), 2<g,r<oo. 

q 2 r 

Proposition 2.1. Let d > 3, (q, r) and (q,r) be any two admissible pairs. Suppose that u 
is a solution to 

iu t + Au = F(t, x), t G J,x G R ' 
u(0) = u (x). 



Then we have the estimate 
where the prime exponents denote Holder dual exponents. 



Let us say that a function u has spatial frequency N if its Fourier transform is supported 
on the annulus {(£} ~ iV}. From Strichartz estimate H^H^a^r ^ ||«||^o,|+ for admissible 
(q, r) and Sobolev embedding theorem, we have 

Proposition 2.2. For r < oo, < | < min (<5(r), l), we Ziaue 



While for 2 < q < oo, r = oo, we have 



\u\\ r9roo < Hull i 



3 the I-method and the modified local well-posedness 

3.1 the I-operator and the hierarchy of energies 

Let us define the operator /. For s < 1 and a parameter N S> 1, let m(£) be the following 
smooth monotone multiplier: 

m(0: -\ (f) 1 - 5 , if iei>2iv. 

We define the multiplier operator I : H s — > i? 1 by 

The operator / is smoothing of order 1 — s and we have that 

\\v\\ <\\ Tn\\ < N 1 ~ s \\v\\ 

IM^o^o ~ll^' u llx s o+ 1 - 3 ' i 'o ~ ^ S |Mlx s o. 6 o 



for any sq, fro G IL 
We set 

E(u) = E(Iu), (3.1) 

where 



E(u)(l) - \\\Vu{t)\\ 2 L2 + \j j r * y p \u(i..r)\ 2 \„[i.!,tf d.nhj. 



We call E{u) the modified energy. Since we will focus on the analysis of the modified 
energy, we collect some facts concerning the calculus of multilinear forms used to define the 
modified energy. 

If k > 2 is an even integer, we define a spatial multiplier of order k to be the function 
M k (£i,Z2 t '~ on 



re 



3=1 

which we endow with the standard measure <$(£i + £2 + • • • + If M k is a multiplier of 
order k, 1 < j < k is an index and Z > 1 is an even integer, the elongation Xj(M k ) of 
is defined to be the multiplier of order k + I given by 

x j(Mk)(,£i>£2, ■ ■ ■ ,£k+i) = -Mfe(Ci) • • • )Ci-i)£jH 1- £j+«»£j+m> • • • >£«+«)• 

Also if M k is a multiplier of order k and ui, u 2 , ■ ■ ■ , u k are functions on M d , we define the 
fe— linear functional 

A k (M k ;u 1 ,u 2 , ■ ■ -u k ) = Re / M fe (£i,£ 2 , ■ ■ ■ ,6) H%(£j) 

,/r * i=i 

and we adopt the notation A k [M k ; u) = A k (M k ; u,u,- ■ ■ ,u,u). We observe that the quan- 
tity A k (M k ; it) is invariant 

(1) if one permutes the even arguments £2, £4, • • • > £fc of M^; 

(2) if one permutes the odd arguments £1, £3, • • • , £fc-i of 

(3) if one makes the change of 

^4(6,6,--- >£fc-i)6fc) ^ Af fc (-£ 2 ,-£i,--- , -£k,-£ k -i)- 

If it is a solution of (jl.ip . the following differentiation law holds for the multiplier forms 
A k (M k ;u) 

d t A k {M k -u) 

^{iM^Yji-tfu^+^+^Yl^ (3 ' 2) 

where we use the notational convention £ a & = £ a + £&, & c = + 6 + £0 etc. 



6 



Using the above notation, the modified energy (|3.ip can be written as follows: 
E(u) = A 2 ( - ^imi ■ &m,2;u) + A 4 (i|£2,3r (d ~ 7 Wra2"i 3 7774; u) 

where we abbreviate m(£j) as rrij. 

Together with the the differentiation rules (|3.2p and the symmetry properties of k-linear 
functional AfcfM/^tt) , we obtain 

1 i 2 

<9 t A 2 ( - • (2m 2 ;u) = A 2 ( - -&mi • 6™2 ^(-l)^! 2 ; ^) 

. 2 

+ A 4( - ^E(- 1 ) 3 'l^^r (H) ^(^i -^m 2 )iu) 

3=1 

= A 4 (i|6,3r (d - 7) m?|a| 2 ;n), 

and 

5 4 A 4 (i|^2,3r ( ' i ~ 7 - ) "ll"l2^3^4; U) 

4 

= A 4 (^ 2 ,3r ( ^ 7) m 1 m 2 m 3 m4^(-l) J |0| 2 ;n) 

i=i 

. 4 

+ A 6 (^(-l) j |0+iJ+2r M 4(l^3r (d - 7) m 1 m 2 m 3 m4);u) 

= -A 4 (i|^ 2 ,3r ( ' i_7 ' ) |6| 2 "ii"i2m3m4;ii) 

- A 6 (z|^ 2 ,3r (d_7) 1^4,5 r ( ^ 7) ^i,2,3"i 4 m 5 m 6 ;ii) 

= -A 4 (i|^2,3r (d ~ 7) |6| 2 "ii"T-2m3m4;ii) 

+ A 6 (^2,3r (d_7) |?4,5r (d_7) ^i,2,3("ii,2,3 - m 4 m 5 m 6 );u). 

The fundamental theorem of calculus together with these estimates implies the following 
proposition, which will be used to prove that E is almost conserved. 

Proposition 3.1. Let u be an H 1 solution to Then for any T E R and 5 > 0, we 

have 

T+S pT+8 



E{u){T + 5) - E{u){T) = [ A 4 (M 4 ;n) dt + [ A 6 (M 6 ;u) dt 

Jt Jt 



with 



Furthermore if <C N for all j, then the multipliers M 4 and Mq vanish on T 4 and Tq, 
respectively. 



M 4 


= ^6,3! 


-(d- 


-7) 


|6| 2 ^i( 


mi — 7712777.37714) ; 


M 6 


= i\&,3\ 


-(d- 


-7) 


?4,5| 


~ 7) "7-1,2,3(^1,2,3 - 777,47775777,6 
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3.2 Modified local well-posedness 



In this subsection, we shall prove a local well-posedness result for the modified solution Iu 
and some a priori estimates for it. 

Let J = [toj^l] be an interval of time. We denote by Zj(J) the following space: 

z I (j) = s J (J)nxj'* + {j) 

where 

Sj(J) = lu; sup ||(V)/u|| L9Lr(JxRd) < oo|, 

(g,r) admissible 1 x 



z}' b (J) = \u; \\lu\\ , i , , Jx < oo>. 

I V I ^ i || Ux 1 '? + (JxR d ) J 



Xl "" "'"'lxM + (,/xJ 

Proposition 3.2. Lei 2 < 7 < 3 < d, s > Z — 1, and consider the IVP 

ilu t + AIu = l(\x\-"< * \u\ 2 u), x eR d , t£R 
Iu(t ,x) = Iu (x) G ff 1 ^). 



(3.3) 



Then for any uq G H s , there exists a time interval J = [to, to + 5], 5 = 5(\\luo\\ H i) and 
there exists a unique u £ Zj{J) solution to h3. °3\) . Moreover there is continuity with respect 
to the initial data. 

Proof: The proof of this proposition proceeds by the usual fixed point method on the 
space Zj(J). Since the estimates are very similar to the ones we provide in the proof of 
Proposition 13.31 below, in particular (|3.9p and (|3.10p , we omit the details. 

Proposition 3.3. Let 2 < 7 < 3 < d and s > ^ — 1. If u is a solution to the IVP VS. S\) on 

the interval J = [to>£iL which satisfies the following a priori bound 

II T II 4 

P „ . _d=l 4/ s < /U, 

LfH x [jxR d ) 

where n is a small universal constant, then 

IMU(j) ~ \\ Iu 4m- 

Proof: We start by obtaining a control of the Strichartz norms. Applying (V) to (|3.3p 
and using the Strichartz estimate in Proposition 12.11 For any pair of admissible exponents 
(q, r), we obtain 

IK v HL ? l S ^ ll^llai + ll(v)/((kr 7 * m 2 )u)|| § « . (3.4) 

Now we notice that the multiplier (V)/ has symbol which is increasing as a function of |£| 
for any s > ^ — 1. Using this fact one can modify the proof of the Leibnitz rule for fractional 
derivatives and prove its validity for (V)/. See also Principle A. 5 in the appendix of |25j . 
This remark combined with (|3.4p implies that 

IK v HL?l E £ \\ Iu o\\m + II(v}/((M~ 7 *m 2 X)|| 3 



^ll /M o|| H1 + ||kr 7 *(V)/(|n| 2 )|| a* ||u|| 6^ 



21, 11/^.11 ( 3 - 5 ) 



+ 1x1 7 * \u\ 3d (V)iu 6d 

11 11 11 11 1 1 1 1 2 

Sj WllM) irl + (V)Jti Jd !1 6d 

~ II "H^ 1 H\ 7 H 3 33=4!! II 6 3d+4-3 7 

1j . Lj~ ±j+ Li X 
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where we used Holder's inequality and Hardy-Littlewood-Sobolev's inequaltiy. 

In order to obtain an upper bound on u &d we perform a Littlewood-Paley 

rd( 3d+4-3 7 

decomposition along the following lines. We note that a similar approach was used in [3]. 
We write 

oo 

u = u No + ^2 u Nj ! (3.6) 

3=1 

where un has spatial frequency support for (£) < iV, while tijv. is such that its spatial 
Fourier support transform is supported for (£) « iVj = 2^ with /ij > log N and j = 1,2, ■ ■ ■ . 
By the triangle inequality and Holder's inequality, we have 

oo 

\\ U \\ 6d ^ fjVn 6d + 7 r^JvJ 6d 

11 11 r6 r 3d+4-3 7 ~ M 011 ,6, 3d+4-3 7 ^ 11 3 11 ,6, 3d+4-3 7 

oo ( 3 - 7 ) 

^11 II J_\^ll ll 2 -^ II ll^" 1 

On the other hand, by using the definition of the operator /, the defintion of the un/s 
and the Marcinkiewicz multiplier theorem, we observe that for some < 0j < l,i = 



I II <T II ll 6 *! II ll e 2 II 1103 || 1104 

\ U N \\ gd ^ PJVb d-3, «JV 6d PJVq 6d \\UNq roor2 

1 u|l r6 r3d+4-37 11 "r4fV"T' 4M " r 6 r 3d-8" U|l r 6r3d-2 M U 11 ^ 

"i || II 1—6*1 



~ W IUN o\\ ..-^J\ u No\\ Zd j) 



I (V)Iunj II _§d_ ~ Nj(— -) 1 s \\unA\ ed . 7 = 1, 2,' 



I^JvJI 6d « (-r^-) 1 S |Uat.|| 6d ■ 7 = 1. 2. ■ 



Now we use these estimates to obtain the following upper bound on ([3 



\U\\ 6d 
1 M r6r3d+4-37 



<T II T ll l II II l — 6»a. 

~ ll /u ^o|| ^, 4 ||^ || Z/(J) 



3=1 J 



lz 7 (j) 1 irilz 7 (J)' 
which together with (|3.5p implies that 

||(V)/u||^ < ||/uo|| Hl +^- (4 - 7) ||«l6 /(J) - (3-9) 

Now we shall obtain a control of the X s,b norm. We use Duhamel's formula and the 
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theory of X s,b spaces |12j . [25] to obtain 

||/u|L u + < ||/no|| H1 + ||(V}/((|x|^*|^| 2 ) 



~ II U IIH! 1 l|\ v /"UI~l l"l ;«7|| x o,-£ 

H1 + ||(v}/((|x|^*|^l 2 HI| 3 



<H/noL 1 + ||(V)/((|x|-*H 2 )n)|| i 3 +L| ^ + (31Q) 



^ Ufn „, + (V)J« 6d \\u\\ 6d \\u\\ 6d 

~ 11 ' ' " l|V ' M r 3r3a^ M 11 ,6, 3d+4-3 7 11 1 1 r 6+ T 3d+4-3 7 + 

x ^t^x t^t x 

An upper bound on II nil &d is given by (|3.8p . In order to obtain an upper bound 

L 6 Lx d+A ~' i "' 

on u 6d we proceed as follows. First we perform a dyadic decomposition and 

11 11 r 6+ j 3d+4-3 7 + 

write u as (I3.6p . The triangle inequality applied on (|3.6[) gives for any < 5 < ^ — 1 

||li|| 6d 

11 11 r 6+ r 3d+4-3 7 ~ l ~ 



< 1 1 7/. 7vr_ II kj + + ^ ^ 

(3.11) 



- I WjVn 6d | + > WiVJ 6d 

~ II 011 r 6+ r 3d+4-3 7 + ^ 11 J 11 r 6+ r 3d+4-3 7 + 



= \\lUN \\ *d + +Y N t SNS ~ 1 \\ l y) 1 ~ Slu N 1 \\ „ 6d | 

II JV ° II 6+ 3d+4-3 7 + J H X ' JV J II 6+ 3d+4-3 7 + 

x j = l J^t n x 

<\\lu\\ 6d , + II (V) 1 " 6 !^ I 6d | < ||jtt|| . 1 | ■ 

~ II II 6+ 3d+4-3 7 + H X ' II 6 + r 3d+4-3 7 + ~ II HX 1 '?*' 

where we use Proposition 12.21 By applying the inequalities (I3.8P and ()3.1ip to bound the 
right hand side of (|3.10p . we obtain 

IIHIx^+^ll^ll^+^lhllw+^-^lhlllw- ( 3 - 12 ) 

The desired bound follows from (|3.9p and (13. 12[) by choosing N sufficiently large. 



3.3 An upper bound on the increment of E(u) 

Decomposition remark. Our approach to prove a decay for the increment of the 
modified energy is based on obtaining certain multilinear estimates in appropriate functional 
spaces which are L 2 -based. Hence, whenever we perform a Littlewood-Paley decomposition 
of a function we shall assume that the Fourier transforms of the Littlewood-Paley pieces 
are positive. Moreover, we will ignore the presence of conjugates. At the end we will always 
keep a decay factor C(N\,N2, • • • ) in order to perform the summations. 

Now we proceed to prove the almost conservation law of the modified energy. In Propo- 
sition 13.11 we prove that an increment of the modified energy can be expressed as 

j.T+6 r T+8 
E(u)(T + 5) - E{u){T) = A 4 (M 4 ;n) dt + A 6 (M 6 ;u) dt 

Jt Jt 

with 

Mi = «|C2,3r (cf_7) l6| 2 m-i("ii - m2m 3 m 4 ); 

M 6 = i|£2,3l~ (d ~ 7) [£4,5 r (d ~ 7)r ™i,2,3("ii,2,3 - m 4 m 5 m 6 ). 
Hence in order to control the increment of the modified energy, we shall find an upper 
bound on the A 4 (M 4 ;u) and K^M^uj forms, which we do in the following propositions. 
First we give the quadrilinear estimate. 
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Proposition 3.4. For any Schwartz function u, and any 5 ~ 1 just as in Proposition [37i 
we have that 

f-T+8 



J A 4 {M 4 ;u) dt\<N- 1+ \\lu\\ 4 xl ,i + , (3.13) 



for s > % — 1 



Proof: By Plancherel theorem, we aim to prove that 

T+8 

I6,3r (d_7) 16 | 2 "H (m 1 -m 2 m 3 m 4 )u 1 (t, £i)u 2 (t, &)u 3 (t, &)«4(*> U) 

r 4 

4 (3.14) 
< N- 1+ C(Ni,N 2 ,N 3 , N 4 ) H pUjW^ 

3=1 



where C(Ni,N 2 , N 3 ,N 4 ) is a decay just as the remark above, and it allows us to sum over all 
dyadic shells. The analysis which follows will not rely on the complex conjugate structure 
in A4 (M^u) . Thus, by symmetry, we may assume that N 2 > N3 > N 4 . 

Case 1: N ^> N 2 . According to the definition of m(^), the multiplier 

1^2,3 \~^ d ~ 1 'mi{m\ - m 2 m 3 m 4 ) 

is identically 0, the bound A3. 13f> holds trivially. 

4 

Case 2: N 2 > N » N 3 > N 4 . Since = 0, we have Nt « N 2 . We aim for (13441 

3=1 

with a decay factor 

C(N 1 ,N 2 ,N 3 ,N 4 )=N°-. 

By the mean value theorem, we have the following pointwise bound 

|mi (mi — m 2 m 3 m^ | = \m\ (771-2,3,4 — m 2 m 3 m 4 ) | 

< mi[Vm(0 • (£3 + £ 4 )| where |£| - |£ 2 | 

<mim 2 — . 

Hence by Holder's inequality and Hardy-Littlewood-Sobolev's inequality and Proposition 
12.21 we obtain 

LHS of ([334]) < Nlm x m 2 ^ f + [ {^M'^Mt, &)TZ 2 (t, &) 
< N?mim 2 — -lUill __6rf_ 1 1 7x2 1 1 ed ||na|| 6d llttJI m 

N 2 U "ifil 3 ^ 11 "ifil 3 ^" "ifil 333 " "zf^Jrf+lO-^ 



It suffices to show that 

'iV 2 
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We reduce to show that 
This is true since 



N 2 ^N'-N^; 
(N 3 )N 3 l >l; (N 4 )N^>1. 

Case 3: N 2 > N 3 > N. In this case, we use the trivial pointwise bound 

Imi (mi — m 2 m 3 m 4 j | < m\ . 

The frequency interactions fall into two subcategories, depending on which frequency is 
comparable to N 2 . 

Case 3a: N\ ~ N 2 > N 3 > N. In this case, we prove the decay factor 

C(N 1 ,N 3 ,N a ,N 4 )=N$-. 

in (|3.14p . This allows us to directly sum in N 3 and N4, and sum in N% and N 2 after applying 
Cauchy-Schwarz to those factors. 

By Holder's inequality and Hardy-Littlewood-Sobolev's inequality and Proposition 12.21 
we obtain 

LHS of 43HD < Nfmj f +& ! fod'^Mt, &)u 3 (t, £3)^4 (*, U 



^ Nimi\\ui\\ 6d \\u 2 \\ 6d \\u 3 \\ 6d \\ud\ 



lid 



r 3 r 3d-4 11 " r 3 r 3d-4" " r 6r3d-2" 11 r6r 3d+10-67 
x ^t^x L^t^x L<tl^x 



<iV 1 2 m?iVr 2 nil^llx'^+- 

3=1 



It suffices to show that 

Nlm\N2~ 2 < N- 1+ N°- miNim 2 N 2 m ?J N 3 {Ni) . 
We reduce to show that 



N l ~Nl + < m 3 N 3 m 4 (N 4 )N^. 
This is true since for s > 7 — 2, we have 

m 3 N 3 m 4 (^4}A r 4~ 7 > m A {N A f^ 
> m 3 N 3 > N 1 ~N$+, 

where we used the fact that m(^)(^) p is monotone non-decreasing if s +p > 1. While for 
\ — 1 < s < 7 — 2, we have 



m 3 N 3 m A {N A )N 2 -^ > m 3 N 3 m 3 N^ 
where we used the fact that m(£)(£) p is monotone non-increasing if s +p < 1. 
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Case 3b: N 2 ~ N 3 > JV, N 2 ^ -^l- I n this case, we prove the decay factor 

C(N 1 ,N 2 ,N 3 ,N A )=N°-. 

in (|3.14p . This will allow us to directly sum in all the iVj. 

By Holder's inequality and Hardy-Littlewood-Sobolev's inequality and Proposition [2? 
once again, we obtain 

LHS of 43HD < Nfmj f +& ! |6,3|" {d ~ 7) Si(t, h)%(t, b)u 3 (t, 6)^4 (*, U) 

J T J Ta 



4 

6d_ 



< iV"fmf||wi|| _sd_ 11^2 j| 6d \\ui\\ ed \\ua 



r 3 r 3d-4" " r 3 r 3d-4" "rgr 3d-2 11 1 1 T 6 r 3d+10-6 7 
x t x t x x 



<Nf m iN2- 2 H\\ Uj \\ x()M . 

3=1 



It suffices to show that 

NlmlNj' 2 < N- 1+ N$- m 1 N 1 m 2 N 2 m z N z {N i ). 

Note that 

Nfmj < m 1 N 1 m 2 N 2 . 



We reduce to show that 



iV x -iV 2 0+ < m 3 N 3 m 4 (N 4 )Nl 



m 3 ,\ 3 in \. \ | / ... \ 

This is true since for s > 7 — 2, we have 

m 3 N 3 m 4 {N 4 )N 2 -~< > m 3 N 3 m 4 {N 4 f^ 

> m 3 N 3 « m 2 iV 2 > iV 1 -^, 

where we used the fact that m(^)(^) p is monotone non-decreasing if s + p > 1. While for 
^ — 1 < s < 7 — 2, we have 

m 3 N 3 m A (N A )Nl^ > m 3 N 3 m 3 N^ « m|iV 2 4 ^ 

> iV 4 ^-iVo 0+ > iv 1 -^, 

where we used the fact that is monotone non-increasing if s+p < 1. This completes 

the proof. 

In order to make use of quadrilinar estimate (Proposition I3.4p to obtain sextilinear 
estimate, we first give a lemma 

Lemma 3.1. Assume u, 5 are as in Proposition \3. j[ and Pn 1}2 ,3 the Littlewood-Paley pro- 
jection onto the N\ )2y3 frequency shell. Then 

||^v^Hvr (d - 7) M 2 ))|| 3 ,fe^JViA3|IHIw+- 
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Proof: We write u = ul + uh where 



suppujfoO C {|f| < 2}, 
supp u H (t,£) C {|f | > 1}. 



Hence, 

lliv 1A ,(/(«ivr^H a ))n b « 



r3 r 3d-4 



< iip^^Kivr^i^i 2 ))!! . jfe + ||iVx A 8(j(«Hivr^i«Hi 2 )) 



i,™ U. Li j- 



+ 11^,3 (/K|V|-^|^| 2 )) || , « + 11^,3 (IK|V|- M K| 2 )) || 6, 

T o T 4fc r o r oft 4 

+ ||Pjv 123 (l(«z|Vr ( ^Wir))|| _6i. + a 3 V^^Wi?)) || 

ii > > \ \ r 3 r 3a— 4 11 ' r 3 r 3a— 4 

+ ||Pj VlA8 (/(«ff|V|-^W ff ))|| 3fe + ||P JVl , 3 , 3 (/(«H|V|-^ULt*H))|| 3 ^ 

Consider the first term. By Holder's inequality, Hardy-Littlewood-Sobolev's inequality 
L Pronosition 12.21 we have 



and Proposition 12.21 we have 

ll^s^Kivr^i^i 2 ))!! « < \\u L \vr"--\u L y\\ ^ 

l? r,2 d - 4 



, (d ~ 7) KI 2 |, __ 

r 3r3d-4 II 1 1 M r 3r3d-4 



since 



S, II^lII 3 i8d = \\iul II 3 isd 

11 11 r g r 9d-67-4 N II r9r 9d-67-4 

Jj £ i^x ^x 

< \\Ivl\\ x i,i+ < ^1,2,3 11^11^1,1 + 

AT 123 >1, and Q<dx( 1 -- M - 6 Z~ 4 )-- = 1 <1- 
■ ' ~ ~ V 2 18d ; 9 3 ~ 



We estimate the second term. By Sobolev's inequality and using the Leibniz rule for 
the operator |V| 2 ~2/ and Proposition 12.21 we have 

ll^,„ ( nMvr<^Vrf))|| ifi ^ 

slIivr'p^/Mvr^'M 2 ))!! , ji, 

r 3 r da — 4 
J-'f, L<x 

< \\\v\ 2 -^i(u H \vr^\ UH \ 2 )\\ 6d 

~ 11 \ll 11/ II 3 3d _3 7+ i4 

^x 

< || |V| 2- 2 itif/|| 18d lluffll 2 18d 

" " i 9^9d-97+14 " H^9 i 9d-97+14 

< |||V| 2 -2/utf|| 3 18d < |||Vl/u ff || 3 18d <||/«||tll+. 
~ II' 1 n II r9r 9d-9 7 +14 ~ II' 1 1 1 r 9 r 9d=4 — II UX 1 '?* 

As for the third term. By Sobolev's inequality and using the Leibniz rule for the operator 
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V| 2/ and Proposition 12.21 again, we have 

||^^(l(«,|Vr(*-)| ttl r| a ))|| A 



^lllvr^A.CiKlvr^ittjffi 2 ))!! ^ 

<||ivi 2 -i/Kivr^)Ki 2 )|| ,J 

11 v r3 r 3d-37+14 

< II I V| 2_ 2 -Ztlff|| 18d ||^H"|| 18d \\uT. 



1 r g r 9d-97+14 11 " r 9r9d-4" 1 1 r 9 r 9d- 18- + 32 



II ||2 Mi i0_ X 1 

+ \\ U H\\ I8d V 2 | is,' 



1^9^^-97+14 II H^g^9ci_9 7+ 14 

< |||V|/m^|| 18d |||V|/UH"|| 18d |||V| 7 ~ 2 IUf,|| 18d 

"' II r g r 9d-4 11 1 l ' r 9r9d-4ll' M r 9 r 9d-4 



+ |||V|Juff|| isd |||V|/wl|| jsd_ < y1 i + . 

Now we estimate the fourth term. By Sobolev's inequality and Holder's inequality, we 
obtain 

" 1 -JX^Mvr^W))!! , 



^1,2,3 " x v ""l^I 333 

< iiivr^^^/^ivr^in^ 2 )) 



3 T 3d-4 



LfL 



<iu ff ivr^'"- 12 



Ujj V v \ U L\ U 

11 r 3 r 3d+2 



11 11 11 1 1 2 11 1 1 3 

< UltH m \\ U L\\ „ , isd < Jit __i l + . 



^s_/ 



^grM^I 11 iJ H r gr9d-97+5 ~ II HX 1 ^- 

J-Jf J^x J -'t x 



The remainder terms are similar to the third and fourth terms because we can ignore 
the complex conjugates. This completes the proof. 

Now we proceed to prove the sextilinear estimate. Note that in the treatment of the 
quadrilinear form as in Proposition 13. 4\ we always took the factor in L/^L X ^ \ 
estimating this by N\ + . Together with Proposition 13.41 and Lemma 13.11 we can 

obtain the following estimate. 

Proposition 3.5. For any Schwartz function u, and any 5 ~ 1 as in Proposition \3.£k we 
have that 

T+S 

-l+ll r„.ll 6 



T 



A 6 (M 6 ;ti) dt 



< N~ i+ \\Iu\ 



for s > | — 1 . 

4 Almost Interaction Morawetz estimate 

In this section, we aim to prove the interaction Morawetz estimate for the smoothed out 
solution Iu, that is, "almost Morawetz estimate" . For this, we consider a(x%, X2) = \x±— X2I : 
M. d x M. d — > M, a convex and locally integrable function of polynomial growth. In all of our 
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arguments, we will work with the Schwarz solutions. This will simplify the calculations and 
will enable us to justify the steps in the subsequent proofs. Then we approximate the H s 
solutions by the schwarz solutions. 

Theorem 4.1. Let u be a Schwarz solution to 

iu t + Au = Kf{u), (x,t) G R d x [0,T], 
where Af(u) = (\x\ ~ 7 * |uj 2 )ii. Let Lu be a solution to 

Uu t + ALu = L(M(u)), (x,t) G R d x [0,T]. (4.1) 



Then 



d-3 ,|4 ii ii ii | . 3 

V 4 Iu \\ . < Mu ^ \\Iu roor2 



r T f <~ ! (4 - 2) 

+ / / ■ {J\f bad ,Lu(t,x 1 )Lu(t,X2)} dx 1 dx 2 dt. 

JO JR d xR d 

with {•, •} is the momentum bracket defined by 

{f,g} p = Re{fVg-gVj), 

and 

2 2 

N bad = ^2{lMi{u i )-N i {Lu i )) Yl Iu j> 

where Ui is a solution to 

iu t + Au = M(u), (xi,t) £R d xR, d>3, (4.3) 

here Xi G noi a coordinate. In particular, on a time interval where the local well- 
posedness Proposition \3.2\ holds, we have that 

~ 1,6 

Va • {M bad ,Iu{t,xi)Iu(t,X2)}dx 1 dx 2 dt < —r^\\u\\ „ , , y 

J k JR d xR d p iv n k> 

Toward this goal, we recall the idea of the proof of the interaction Morawetz estimate 
for the defocusing nonlinear cubic Schrodinger equation in three space dimensions [3J. We 
present the result using a tensor of Schrodinger solutions that emerged in [2], [6]. We first 
recall the generalized Virial identity [2], |16j . 

Proposition 4.1. Let a : M. d — > M be convex and u be a smooth solution to the solution 

iiH + Au = Kf{u), (t, x) G [0, T] x R d . (4.4) 
Then the following inequality holds 

[ [ (- AAa)\u(t,x)\ 2 dxdt + 2 [ [ Va ■ {J\f, u} dxdt < \M a (T) — M a { 

Jo JR d Jo JR d P 

where M a {t) is the Morawetz action corresponding to u and is given by 

M a (t) = 2 Va(x) • Im(u(x)Vu(x))dx. 
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Proof of Theorem I4.lt Now we rewrite the equation (|4.ip as 

Hut + AIu = Kf{Iu) + (l{M(u)) - Kf{Iu)), 

then by symmetry, the term M{Iu) will create a positive term that we can ignore, which 
is the same to the case in [20]. While the commutator I\J\[(uy\ — Af(Iu) will introduce an 
error term. Thus by Proposition 14.11 we have 



J (-AAa)\lu(t, 



x) | dxdt < sup 
te[o,T] 

+ 



Va(x) • Im(j«(x)V Iu(x)j dx 



T 



Va • {lJ\f(u) - M{Iu),Iu] dxdt 



The second term on the right hand side of this inequality is what we call an error. We now 
turn to the details. The conjugation will play no crucial role in the forthcoming argument. 

Now define the tensor product u := (u\ ® U2) {t, x) for x in 

R d+d = { x = (x u x 2 ) ■■ xi e R d ,x 2 e M. d ] 



by the formula 
let us set 



(til ®U 2 )(t,x) = Ui(t,Xl)u2(t,X 2 ) 



IU(t,x) = Y[lu(t,Xj). 

3=1 

If u solves (14. 4p for d dimensions, then IU solves (I4.4p for 2d dimensions, with right hand 
side JVj given by 



Now let us decompose 



1=1 



■A/} = Ngood + Nbad 

2 2 2 2 



i=i 



The first term summand creates a positive term that we can ignore again. The term 
we call Mbad produces the error term. Now we pick a(x) = a(x\,x 2 ) = \x% — x 2 \ where 
(x x ,x 2 ) E R d x R d . Hence we have 



IH V I d4 ' ilu \\% T Li - \\ Iu \\L ¥ mJ\ Iu \\l ¥ Li 

+ / / Va-{j\f bad ,Iu(t,xi)Iu(t,x 2 )}dxidx 2 dt. 

JO JR d xR d 

Note that the second term of the right hand side comes from the momentum bracket term 
in the proof of Proposition 14.11 Following with the same calculations in [2] , we deduce that 

(■T 



£ 



JR d x 



Va • {Af bad , Iu(t, xi)Iu(t, x 2 )} p dxidx 2 dt 



< 



(\\l(Af(u)) -Wu)\\ L]Ll + \\V x (l(M(u)) - A/X/n))|| itlLi )|M& /(J) . 



(4.5) 



17 



Now we proceed to estimate || V x (/(A/'(m)) — M(Iu)^ \\ L i L 2 j which is the harder term. 
The term || J (A/"(^)) — J\f(Iu)\\ L i L2 can be estimated in the same way. Note that 

M(u) = (\x\^ *\u\ 2 )u, 

we have 

T x (v x {l{Kf(u)) -M(lu)))(0 

= I ^I6, 3 r { ^ 7) (m(£) - m(ei)m(6)m(6))S(6)i(6)^(6)^i^2^3- 

We decompose u into a sum of dyadic pieces Uj localized around Nj, then 
\\V x {l{M(u)) -N{Iu))\\ LlLl 

= \\T x {y x {i{N{u)) -Wu)))(0\\ Liq 

£ E I/im^. k|l6,3|- (d - 7 V(6-m(aM6M6)| 



^1 



Since the conjugation plays no crucial role here, without loss of generality, we assume 
that 

Nt > N 2 > N 3 . 

Set 

<r(Zi, 6, 6) = |6 + 6 + & | h(6 + 6 + 6) - m(6)m(6)m(e 3 )| , 

then 

4 
4 

: = $^°j(£l>62>&) J 
J'=l 

where Xj(£i, £2, £3) is a smooth characteristic function of the set fl,- defined as follows: 

• Q 1 = {|&| w7Vi,i = l,2,3;iV> 7^}; 

• ^2 = {te i |~A r i^ = l,2,3;iV 1 >iV>iV2}; 

. n 3 = {|^| wiVi,i = 1,2,3; iVi >iV 2 >iV>iV3}; 
. 4 = {^|«iV i ,z = l,2,3;iV 1 >iV 2 >iV 3 >iV}. 
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Hence, we have 

\\V x (I(N(u))-N(Iu))\\ LlLl 

4 II f 

N lt N a ,N 3 j=l c= E | =lSj 

=- E E £ i- 

N!,N 2 ,N 3 j=l 



|6,3r (d - 7) ^(Cl,6,6)^l)%2)^ 3 )^1^2^3 



Contribution of Li. Since <7i is identically zero when iV > 4iVi, Li gives no contribu- 
tion to the sum above. 

Contribution of L 2 . By the mean value theorem, we have the pointwise bound 

N 2 

0-2(6,6,6) ^ Ni ■ mi— = miA^2- 

iVi 

Hence, by Holder's inequality and Hardy-Littlewood-Sobolev's inequality, we obtain 



/ 



l6,3r (d - 7 V 2 (6,6,6)n(6)S(6)«(6)d6d6d6 



<miiV 2 



le . |a)Jv ., I6, 3 r ( ^ 7) 2(6)2(6)2(6)d6d6^3 

<miiV"2||ui|| ad WmW 6 d IU3II 6d 

lj t Li x ijf^x J^ t J^x 

3 

J=i 



It suffices to show that 

mi N 2 N^ 2 < N- 1+ N^-m 1 N 1 (N 2 )(N 3 ). 

We reduce to show that 

At1-at0+ < N 1 (N 2 )N 2 - 1 (N 3 )N^-' y . 

This is true since 

Ni >iV 1 ^iV 1 +; 
(TV^AT- 1 > 1; {N 3 )N^ > 1. 

Contribution of L3. Note that 

0-3(6,6,6) ^ iVimi + N 1 mim 2 < Niim. 
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Hence, by Holder's inequality and Hardy-Littlewood-Sobolev's inequality, we have 



L, 



/ 



i6, 3 r (<i - 7 V3(Ci,6,6)«(a)«(6)^3)^i^2^3 



<miAT a 



6,3r {d ~ 7) n(ei)2(6)2fe)d6^2^3 



<miiV"i||ui|| sd_ 1 1 xt2 1 1 ed \\u 3 \ 



T 3j 3d- 67+8 



^m^iY 7 " 2 H \\u 



J=i 



■3\\ Y o, 



It suffices to show that 

miiViA^ 2 < Ar 1+ iV°-miiVi 7^2(^3) 

We reduce to show that 



N^N^ <m 2 N 2 (N 3 )N 2 -\ 



This is true since 



m 2 N 2 > N'-N^; (N 3 )N^ > 1. 
Contribution of L4. Note that 

04(6,6,6) < iVimi + N 1 m 1 m 2 < Nxm-y. 
Hence, by Holder's inequality and Hardy-Littlewood-Sobolev's inequality, we obtain 



L 4 



l6,3r { ^ 7 V4(6,6,6)S(6)n(6)2(6)rf6rf6rf6 



e=E? =1 e,- 
<miiVi 



^1 



l6,3|- { "" 7) n(6)S(6)2(6)d6^6rf6 

<miiVl||ui|| 6d 1 1 ti2 1 1 ,6d H^all 6d 



r3r33=3 M 11 T 3 r JZ=Z >' 11 r3 r 3d-6 7 +8 
Li t Li x i^f^x J^t^x 



3 



< 



,mi 



tv^ 7 - 2 n 



j=i 



It suffices to show that 



miiViA^ 2 < N- 1+ N°-m 1 N 1 m 2 N 2 m 3 N 3 . 



We reduce to show that 



AT 1_ iV 2 0+ £ m 2 N 2 m 3 N 3 N 3 7 . 



This is true since for s > 7 — 2, we have 

m 2 iV 2 rn 3 N^~ ' £ m 2 l\ 2 



m 3 Nt 7 > m^N? > N^N^ 



20 



where we used the fact that is monotone non-decreasing if s +p > 1. While for 

\ — 1 < s < 7 — 2, we have 



7712^2 m^N^ 7 > m 2 iV2 m 2 iV| 7 

> iv 4 -T-iv 2 0+ > iv 1 -iv 2 + 

where we used the fact that is monotone non-increasing if s + p < 1. 

5 Proof of Theorem 11.11 

We first scale the solution. Suppose that u(t, x) is a global in time solution to (jl.ip with 
initial data u G C£° (M d ) . Setting 

X/ x , "+2-7 . t X. 

u A (i,x) = A 2 ^^A^' A 
we choose a parameter A so that -fr*o [ffi = ^ (-'■)' that is 



Next, let us define 

S := {0 < t < oo : ||/n A || . d -3 4 , N < KX^' 1 )} 

with a constant to be chosen later. We claim that S 1 is the whole interval [0, oo). Indeed, 
assume by contradiction that it is not so, then since 

11 u L i H — 3-' 4 ([0,t]xR d J 

is a continuous function of time, there exists a time T G [0, oo) such that 

||/u A || . ,,-a.f s > KX-i^-V, (5.2) 

11 L 4 H — ^' 4 ([0,T]xR d ) V ' 

||/n A || . d-z. t v < 2KXi^~ l \ (5.3) 

11 "L 4 H — ^' 4 ([0,T]xR d ) _ V ' 

We now split the interval [0, T] into subintervals Jj., k = 1, • • • , L in such a way that 

II r All 4 ^ 
UU . . d-3 4 / a < Li, 

with /x as in Proposition 13.31 This is possible because of (|5.3p . Then, the number L of 
possible subintervals must satisfy 

L ^ (2KAf(l^)) 4 ^ (2i^) 4 A3(i-^ (54) 

From Proposition 13.21 and Proposition 13 .3|. we know that 

sup E(lu x (t)) < E(lv$) + 
te[o,T] iV 
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and by our choice (|5.ip of A, E(lu x ) < 1. Hence, in order to guarantee that 

E{lu x (t)) < 1 
holds for all t € [0, T], we need to require that 

L<N 1 -. 

According to (15, 4p . this is fulfilled as long as 

(2K) 4 A 3 ^- 1 ) 



<ATi- (5.5) 



From our choice of A, the expression (|5.5p implies that 

(2K) 4 ^ l — kjs-aa-i)- 



Thus this is possible for s > 4 ^~^ and a large number N. 
Now recall the a priori estimate (|4.2p 
IllVrV/^H^ < ||/n A || L?3 ^||ln A ||^ L 2 



+ / / Va • {Mbad,Iu X (t,x 1 )Iu x (t,x 2 )} dxidx 2 dt. 
Jo JR d xR d v 



Set 

Error (t) := I Va • {j\f bad ,Iu x (t,x 1 )Iu x (t,x 2 )} dx\dx 2 . 



' v 

By Theorem 14.11 and Proposition 13.31 on each interval J^, we have that 



Error{i)dt 



< J_|U A II 6 _.^< ' 



N i- ir \\z x (,j h ) ~ jv 1 - 



Summing all the Jfc's, we have that 

T L 
Error{t)dt 

Therefore, by our choice ()5.ip of A, we obtain 



~ jyl- ~ 



|V|~s-Iu A ||*4 L 4 < \\ IuX \\ r °°Hi\\ IuX \\Ur2 + ArC 
^.CA 3 ^- 1 ). 



This estimate contradicts (I5.2p for an appropriate choice of /T. Hence S 1 = [0, oo). In 
addition, let T be chosen arbitrarily, we have also proved that for s > 4 ^~^ , 

||/u A (A 2 r )|| H1 = 0(1). 

Then 

IK T °)||/^ = lh( r o)|| L 2 + |h( r o)||fl- s 

-HL.A/\2 



= \\u \\ L2 +X s -^\y(X'T )\\^ 
< X s -i +1 \\lu x (X 2 T )\\ H1 < X s -1 +1 « iV 



1-s 
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Since To is arbitrarily large, the a priori bound on the H s norm concludes the global well- 
posednes of the Cauchy problem . 

Note that we have obtained that 

\\lu\\ , . d-3,/ \ < C( tin „,), 

II \\ L i H — 3-' 4 ([ ,+oo)xR d ) ~ Ml U HH^' 

this together with Proposition 12.21 Proposition 13.31 and the property of the operator / 
implies that 

SUp ||<V) fl u|| / [0j+oo)xMd ) <\\4z l{[ 0, + oo))Z C (\\ Iu °\\m)Z C (\\ U °\\Hs)i 

(q,r) admissible \ L ' ) 

then we can prove scattering by using the well-known standard argument [I], [3] etc.. This 
completes the proof. 
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